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Introduction. In the theory of differentiable fibre bundles, with a Lie
group as structure group, the notion of a connection plays an important role.
In this paper we shall consider complex analytic connections in complex
analytic fibre bundles. The situation is then radically different from that in
the differentiable case. In the differentiable case connections always exist, but
may not be integrable; in the complex analytic case connections may not
exist at all. In both cases we are led therefore to certain obstructions, an ob-
struction to the integrability of a connection in the differentiable case, an
obstruction to the existence of a connection in the complex analytic case. It
is a basic theorem that, if the structure group is compact, the obstruction in
the differentiable case (the curvature) generates the characteristic coho-
mology ring of the bundle (with real coefficients). What we shall show is that,
in a large class of important cases, the obstruction in the complex analytic
case also generates the characteristic cohomology ring. Using this fact we
can then give a purely cohomological definition of the characteristic ring. This
has a number of advantages over the differentiable approach: in the first
place the definition is a canonical one, not depending on an arbitrary choice
of connection; secondly we remain throughout in the complex analytic do-
main, our characteristic classes being expressed as elements of cohomology
groups with coefficients in certain analytic sheaves; finally the procedure can
be carried through without change for algebraic fibre bundles.

The ideas outlined above are developed in considerable detail, and they
are applied in particular to a problem first studied by Weil [17], namely the
problem of characterizing those fibre bundles which arise from a representa-
tion of the fundamental group. We show how Weil's main result fits into the
general picture, and we discuss various aspects of the problem.

As no complete exposition of the theory of complex analytic fibre bundles
has as yet been published, this paper should start with a basic exposition of
this nature. However this would be a major undertaking in itself, and instead
we shall simply summarize in §1 the terminology and results on vector bun-
dles which we require, and for the rest we refer to Grothendieck [8], Serre
[12], and Hirzebruch [9].
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1. Vector bundles and sheaves. Throughout this paper we shall be con-
cerned with complex analytic structures, and where no ambiguity can arise
we shall omit the words “complex analytic.”

Let X be a complex analytic manifold. By a vector bundle over X we
shall always mean a complex analytic vector bundle, that is the fibre is a
complex vector space and the structure group is the general linear group (cf.
[13]). Let O be the sheaf of germs of holomorphic functions on X, and let
E be a vector bundle over X. Then the sheaf of germs of (complex analytic)
cross-sections of E is a coherent sheaf of O-modules (in the sense of Serre
[12]), and we denote it by E. Since E is locally trivial it follows that E is
locally free; more precisely, for each x €X, there exists an open neighborhood
U such that

E|Ux~o0|U,

where Or is the direct sum of 7 copies of O, and the isomorphism is an O-
isomorphism. Conversely, if S is a locally free sheaf of O-modules on X, and
if X is connected, there exists a vector bundle E on X such that S=~E (cf.
[12]). E is determined up to an isomorphism by S. We shall denote by I'(E)
the vector space of cross-sections of E. Then we have

I'(E) = HYX, E).

If E, F are vector bundles over X we can define the vector bundles E*,
E®F, EQF, Hom (E, F), whose fibres at x are the vector spaces E}, E,® F;,
E.QcF., Hom¢(E,, F.) (cf. [9]). Then we have the canonical isomorphism
Hom (E, F)=~E*Q®F. In particular, if 1 denotes the trivial line-bundle(?),
Hom (E, 1)=2E*.

If R, S are coherent sheaves on X we can define the sheaves R®S, R®S,
Hom (R, S) whose stalks at x are the O.-modules R,®S;, R.®0_S:,
Homo_ (R,, S.;) (Serre [12]). In particular the operations @, ®, Hom can
be applied to the locally free sheaves E, F. It is then easily verified that
E®F, EQF, Hom (E, F) are canonically isomorphic with the sheaves of

() A line-bundle is a vector bundle in which the fibre is a one-dimensional vector space.
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germs of cross-sections of E®@F, EQ F, Hom (E, F), so that our notation is
consistent. In particular if F=1, then F=0, and Hom (E, O) is the sheaf of
germs of cross-sections of Hom (E, 1). Hence, if we denote this sheaf by E*,
we can identify E* with the sheaf of germs of cross-sections of E*.

Besides the operations just defined we can also define the vector bundle
/\PE whose fibre at x is the vector space APE, (cf. [9]). If in particular we take
p=r,where E, is r-dimensional, we shall write det E instead of A\"E. det E is
thus a line-bundle, and it is just the line-bundle induced from E by the
homomorphism det: GL,— C*. We denote by det E the sheaf of germs of cross-
sections of det E.

By a homomorphism 4: E—F we shall mean an element #&I" Hom (E, F);
k is thus a complex analytic mapping of E into F, such that k,: E,—F, is a
homomorphism of vector spaces for each x. If F=E we write End E instead
of Hom (E, E), and I"' End E is then the vector space of endomorphisms of E.
From the canonical isomorphism

T Hom (E, F) = HYX, Hom (E, F)),

it follows that A: E—F corresponds to a sheaf homomorphism h: E—F,

DEFINITION. 0—E’'—*E—9E"—0 is an exact sequence of vector bundles if
0—E] >%E,—%E!’—0 is an exact sequence of vector spaces for each
x&X. E' is called a sub-bundle of E, and E' a factor bundle of E.

DEeFINITION. An exact sequence (of vector bundles, sheaves,...)
0—A4—/B—?C—0 is split if there exists a homomorphism k: C—B such that
gh=1: C—C. The homomorphism #% is then said to be a splitting of the exact
sequence.

If 0-4A—B—C—0 is split, then B is a direct sum; more precisely
B=fA®nC.

ProPOSITION 1. 0—E'—»E—E""—0 is an exact sequence of vector bundles if
and only if 0—E'— E— E"—0 is an exact sequence of sheaves.

Proof. If the vector bundle sequence is exact we obtain the exact sequence
of sheaves immediately. We have to prove the converse. Suppose therefore
that 0—E'—E—E"—0 is exact. Since E” is locally free we may lift the local
generators of E’ in the neighborhood of any point x back into E to give a
local splitting of the exact sequence. That is, every x has an open neighbor-
hood U such that Ey=fEy® hEy, where Ey denotes the restriction of E to
U and h: Ef—Ey is a local splitting. Then Ey=fEy®hE}Y, and so E,
=f,E; ®h,E!’. Hence 0—E! —E,—E!" —0 is exact for all x, and therefore
0—E'—»E—E"—0 is exact.

If 0»E’'-E—E’"—0 is an exact sequence of vector bundles, then we have
proved that E is locally isomorphic with E’® E"'. Moreover, if

p: Ey ® Ey — Ey, o: Ey ® Ey — Ey
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are two local isomorphisms, the difference
o~ip: Ey ® Ey — Ey ® Ey

is of the form I+¢, where ¢: Ej—EY, and I is the identity. Passing to the
sheaves a precisely similar result holds. In the terminology of Grothendieck
[8] E is a fibre space of type E'@E" with structure sheaf Hom (E”, E');
here Hom (E", E’) is identified with a subsheaf of End (E'®E"’) by ¢—1+¢.

DEFINITION. An extension of E’' by E’ is an exact sequence (of vector
bundles)

0—-E —>E—E'—D0.

DEFINITION. Two extensions of E” by E’ are equivalent if we have an
isomorphism of exact sequences:

0—->E —>E—E’'—0

lII l lIII
0—>E —>E—E'—0

where I’, I' are the identity endomorphisms of E’ and E".

If the exact sequence 0—E’'—E—E""—0 splits we say that the extension
is trivial. Alternatively a trivial extension is one which is equivalent to a direct
sum: 0»E'—-E' @ E’'—E"—0.

Similar definitions hold for the corresponding sheaves, and by Proposition
1 the extensions of E’’ by E’ correspond one-to-one to the extensions of E’’
by E’, equivalence being preserved in this correspondence. In the terminology
of [8] equivalent extensions of E’" by E’ correspond to isomorphic fibre spaces
of type E'®E’", with structure sheaf Hom (E”, E’). But the isomorphism
classes of such fibre spaces are in one-to-one correspondence with the elements
of H\(X, Hom (E”, E")) (cf. [8]). Hence we obtain:

ProrosITION 2. The equivalence classes of extensions of E” by E’ are in
one-to-one correspondence with the elements of H'(X, Hom (E", E’)), the trivial
extension corresponding to the zero element.

REMARK. A corresponding result holds in the differential case, but
Hom (E”, E’) is then a fine sheaf and so H'(X, Hom (E”, E’)) =0. Thus
every extension is trivial. The same is true if X is a Stein manifold, since
Hom (E”, E’) is then a coherent sheaf. We are primarily concerned however
with the compact complex case, and H'(X, Hom (E”, E’)) is then nonzero in
general.

For applications we shall require to know the precise element of
H' (X, Hom (E”, E’)) corresponding to a given extension. This is defined as
follows. Operate on the exact sequence 0—E'—E—E’’—0 by the functor
Hom (E”, );since E” is locally free we get an exact sequence
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0 — Hom (E”, E’) —» Hom (E", E) —» Hom (E”, E'") — 0.
The cohomology sequence of this is
— HY(X, Hom (E”, E)) — H°(X, Hom (E”, E"")) AR HY(X, Hom (E", E')) —.

Then 8(I”")EH! (X, Hom (E”, E’)) is the element given Proposition 2, where
as before

I €TEnd E” = H%X, Hom (E”, E"))

is the identity endomorphism of E”’. We make this more explicit. For a suita-
ble covering { U;} of X the restriction of the given extension to each U; will
be trivial; let h;: E!’ —E; be the splitting homomorphisms, where E/’, E; de-
note the restrictions of E”, E to U;. Then {h;} is a 0-cochain of Hom (E”, E)
which lifts the 0-cocycle I’ of Hom (E”/, E''). Hence {h,-—h,-} is a representa-
tive 1-cocycle for 8(I’'). On the other hand we have the local isomorphisms:

u;: Ei ® E{ — E;
defined by u;(s’®s’) =(s’+hi(s’’)). Thus E is defined, as a fibre space of
type E’ ® E” by the coordinate transformations:
g5 = u; u;: Ej; © E; > Ei; © EY,
where Ej;, E{] denote the restrictions of E’, E" to U/N\Uj, and
&ii(s’ @ s") = (s' + hi(s") — hi(s")) © s".

But, by definition of the operation of Hom (E”’, E’) on E" @ E’, this shows
that the fibre space E is represented by the 1-cocycle {hj—hg'}, and so cor-
responds to §(I").

PROPOSITION 3. Let 0—E’—E—E""—0 be an extension of E' by E’, and let
0«—E'*«—E*—FE"*—0 be the dual extension of E'* by E''*. Let

¢ € HY(X, Hom (E"”, E')) and 7 & HY(X, Hom (E™*, E''*))

be the corresponding elements given by Proposition 2. Then n= —E*, where £* is
the element which corresponds to £ under the canonical isomorphism: Hom (E",
E’)=~Hom (E'*, E'"*).

Proof. We use the same notation as before, so that E is defined by the
coordinate transformations

i = ui u;: By ® Efj— El; ® El.
Then E* will be defined by

* —1% 1% 1%

fi; = uju; :Eg @ E;; —+E§; ® E;j.
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Hence, if {h,-—h;} is a representative 1-cocycle for £, {hf"—h;“} is a repre-
sentative 1-cocycle for 5. Hence n= —&*.

In future we shall identify the sheaves Hom (E’/, E’) and Hom (E'*, E''*)
under the canonical isomorphism, and the result of Proposition 3 can then be
written as n= —&.

Finally we introduce the following notation. Let ¥ be a complex analytic
sub-manifold of X, and let E be a vector bundle over X. We denote by Ey
the restriction of E to Y, and by Ey the sheaf of germs of cross-sections of
Ey. Let Oy be the sheaf of germs of holomorphic functions on ¥, then Ey
is a sheaf of Oy-modules and we have

Ey =~ E @ o0y.

In the usual way we regard Ey as a sheaf of O-modules on X, zero outside Y.
Note that Ey is not the sheaf on YV induced from E by the injection Y—X,
but only a quotient of this sheaf.

2. Complex analytic connections. As before let X be a complex manifold,
and let G be a connected complex Lie group. Let P be a principal (complex
analytic) bundle over X with group G. Then P is itself a complex manifold,
locally isomorphic with X XG, and G operates on P as a group of fibre-pre-
serving complex analytic homeomorphisms: PXG—P. Unless otherwise
stated a group will always mean a connected complex Lie group, and a bundle
will always mean a complex analytic bundle.

Let T=T(X) be the (contravariant) tangent vector bundle of X, and
let ® be the tangent vector bundle of P. Since G operates on P it also
operates on ®&: ® XG—®. We put Q=®/G, so that a point of Q is a field of
tangent vectors to P, defined along one of its fibres, and invariant under G.
We shall show that Q has a natural vector bundle structure over X.

Let xo& X, and let U be a sufficiently small open neighborhood of x4 so
that there exists a cross-section of P over U, s: U—P. Let B, be the restriction
of ® to s(U), then there is a natural (1-1) correspondence between Qu and
®,, ¢.: Qu—B®,; ¢, assigns to each invariant vector field along P, its value at
s(x). Since s: U—s(U) is a complex analytic homeomorphism, the vector
bundle structure of ®, defines a vector bundle structure of Qu. It remains
to show that this structure is independent of the choice of s. But, if s and s’
are two cross-sections of P over U, there exists a unique complex analytic
map g: U—G such that

s(x) - g(x) = s'(x) forx € U.

Then g induces an isomorphism of vector bundles g: 8,—®,, and we have the
commutative diagram
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Thus the vector bundle structure of Q over X is well-defined.

Let & denote the sub-bundle of @ formed by vectors tangential to the fibres
of P. Then G operates on F, and we put R=5/G. If ¢, is the map defined
above, then restricting to Ry, we get

¢:: Ry — F..

Since ¥, is a sub-bundle of ®, it follows at once that R is a sub-bundle of Q.

The projection 7w: P—X induces a map w: @Q—7T. From the definition of
the vector bundle structure of Q it follows that 7: Q—7T is a homomorphism
of vector bundles. Moreover, if T, denotes the tangent bundle of s(U), then
®,=F, P T, and we have the commutative diagram:

0-—>Ru—>QU—>TU—>O

Lol

055 —-® —T, —>0.

From this we deduce that 0—-R—(Q—T—0 is an exact sequence of vector
bundles over X.

We now examine the bundle R more closely. Let L=L(G) be the Lie
algebra of G. As a vector space, L is the tangent space to G at the identity.
By left (right) translation L is then isomorphic with the vector space V(V,)
of left (right) invariant vector fields on G. G operates by right (left) transla-
tions on V;(V,), and by the adjoint representation on L. If IEL, ANE T,
pE V., are corresponding elements, then ad(g)l, Ng~!, gp are corresponding
elements (g&€G). In the principal bundle P each fibre P, can be identified
with G up to a left translation. Hence a tangent vector at the point p, tan-
gential to the fibre, defines a unique left-invariant vector field on G. This
establishes the isomorphism F=P X L. The operation of G on § induces an
operation on P XL, which is given by:

(1) (p X D)-g = (pg X ad(g™))).

Hence R=5/G=P X ¢L, where P X ¢L is the identification space defined by

(1). By definition however P X ¢L is the vector bundle with fibre L associated

to P by the adjoint representation of G. We shall denote this vector bundle

by L(P). Although we shall not require it L(P) is in fact a bundle of Lie

algebras, each fibre L(P),=L(P,) being a Lie algebra isomorphic with L(G).
We summarize our results as follows:

THEOREM 1. Let P be a principal bundle over X with group G. Then there
exists a canonical exact sequence Q(P) of vector bundles over X :
0—->L(P)—»Q—>T—0,

where T 1is the tangent bundle of X, L(P) is the bundle associated to P by the

adjoint representation of G, and Q is the bundle of invariant tangent vector fields
on P.
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DEFINITION. A connection in the principal bundle P is a splitting of the
exact sequence G(P).
By Proposition 2 the extension @(P) defines an element

a(P) € HY(X, Hom (T, L(P)),

and @(P) is a trivial extension if and only if a(P)=0. If we denote by Q7
the sheaf of germs of holomorphic differential forms of degree  on X, then
Q!'=T* and Hom (T, L(P))=2L(P)®Q!. Hence, identifying these sheaves
under this isomorphism, we can state our result in the following form:

THEOREM 2. A principal bundle P over X defines an element
a(P) € H(X, L(P) ® @").
P has a connection if and only if a(P)=0.

REMARK. As we observed in §1, every extension is trivial in the differen-
tiable case, or in the complex case if X is a Stein manifold. Hence in both
these cases a connection always exists.

The sequence @(P) has certain functorial properties which we now give.

(1) Let P be a principal bundle over X with group G, and let h: G—G’ be
a homomorphism. Then % induces a principal bundle P’ with group G’, and
h: P—P’ induces a map of the tangent bundles z: ®—®’. Moreover % com-
mutes with the action of G in the sense that A(b-g) =h(b)-k(g). Hence we
get a map h: Q—Q’, and it is easy to show that this is compatible with
the vector bundle structures, i.e. that it is a homomorphism. Also, restricted
to L(P), & induces the natural homomorphism #&: L(P)—L’(P’). Hence we
get a homomorphism of exact sequences:

Q(k): a(P) — Q(P'),

in which of course T is mapped by the identity onto T.

(2) Let f: X’>X be a complex analytic map, and let P be a principal
bundle over X with group G. Then f induces over X’ a principal bundle
P’ with group G, such that we have a commutative diagram

s

lr’ lw

X’ L X.
f: P'—P induces a map f: ®'—® which commutes with the operation of G,
and so we get a homomorphism(®) f: Q—Q". This gives a homomorphism of
exact sequences:

(3 This is a homomorphism between vector bundles on two different spaces X', X (f: X'—X
being given), but the definition of such a homomorphism presents no difficulty.
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c(f): a(X', P') = a(X, P),

in which T'—T is the homomorphism of tangent bundles induced by f: X' —X.
The functorial properties of @(P) give rise to corresponding properties of
a(P).
(1) Let the notation be as in (1) above, and let

kt: H\(X, L(P) @ Q") — H(X, L'(P'") @ Q)

be the homomorphism induced by the sheaf homomorphism hA: L(P)—L’(P’).
Then a(P’) = ha(P).
(2) Let the notation be as in (2) above, and let

ft: H\(X, L(P) ® @'(X)) - H'(X', L(P") ® QX))
be the homomorphism induced by the sheaf homomorphism
f: L(P) ® QUX) —» L(P") @ Q'( X').

Then a(P’) =fta(P).

We omit the proof of these two statements since we shall later give an
explicit form for a(P), in terms of the coordinate transformations of P, and
(1) and (2) will be immediate consequences.

A case of special interest arises in (2) when X’ =Y is a submanifold of X,
and f: Y—X is the inclusion map. Then P’ =Py is the restriction of P to Y,
and Q(Py) is the part of @(P)y lying over T(Y) (which is a sub-bundle of
T(X)y).

Theorem 2 becomes particularly simple if G is abelian. In this case the
adjoint representation is trivial, so that L(P)=0*, where k=dim G. Hence
a(P)EHY(X, O*®Q!"). Suppose in particular that X is a compact Kihler
manifold; then a(P)=(a, - - -, ax), where a;EHY(X, Q') defines a coho-
mology class of type (1, 1). When G is a complex torus, Theorem 2 reduces
to a result of Blanchard [3]. The case where G = C* will be discussed later.

3. The characteristic ring. In this section we relate the treatment of §2
with the ordinary theory of differentiable connections, as expounded for in-
stance in Chern [6].

First we show how to calculate the obstruction a(P) explicitly in terms
of the coordinate transformations of P. Let P be defined with respect to the
covering { U;} by the coordinate transformations {g.-,-}, i.e. we have the local
isomorphisms #;: U;XG—>P| U;, and

u:luj: U.m UjXG'—> U;f\ U,XG

is given by u; 'u;(x X g) = (x X gi;(x)g). The map u; induces an isomorphism of
tangent bundles, and since it commutes with the operation of G we obtain
the isomorphism

4;: T: ® L;— Qs
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where L denotes the trivial bundle X XL and L;, T;, Q: denote the restric-
tions of L, T, Q to U;. Thus, over U;, we can lift the identity endomorphism
of T to the element a;: T;—Q;, by defining a;(t) =4:;(¢®0). Put a;;j=a;—a;:
T:;—Qs;. Then {aij} is a representative 1-cocycle for a(P).

Let p: T(G)>GXL, \: T(G)>GXL be the isomorphisms obtained by
right and left translation respectively. Then p, N are both elements of
H(G, Hom (T(G), L)), where L denotes the sheaf corresponding to the
trivial bundle G X L. The maps g;;: U\ U;—G then induce elements p;;, Nij
er(UNU;, Hom (T, L)), where T=T(X) and L now denotes the sheaf
corresponding to the trivial bundle X X L. Then

47 ay() = 459, ® 0) — (1 @ 0)
= (@ pi(1)) — (D O0)
= (0 @ ps(1)).

If we denote by the same symbol #; the induced isomorphism of L; onto
L(P);, this equation can be written

2 ai; = 15 pij.
Since pij, Ni; are related by the equation p;;=ad(gi;)Nsj, (2) may be replaced by
(3) aij = d;-Nij.

If a(P) =0 then we have the coboundary equation
ai; = fi = far
where f;ET(U;, Hom (T, L(P))). If we put 8;=4; 'f;, then
6; € T(U;, Hom (T, L))

and the coboundary equation becomes

4) pi; = ad (g:j)0; — 0,
or
©) Nij = 0; — ad (g;:)0..

These equations are the ones usually taken to define a connection (cf. [6]),
but the reader should watch carefully for differences of notation.

We recall next that, if E is a complex analytic vector bundle, a generalized
Dolbeault isomorphism can be defined for the sheaf of differential forms with
coefficients in E. For the details see for instance [13]. If A=Z%Ar:¢is the bi-
graded sheaf of germs of C* differential forms on X, we put A(E)=EQ®oA.
The operator d” is a coboundary operator of the complex H°(X, EQoA),
and we denote the component of type (p, q) of the cohomology of this complex
by H?¢(X, E). Then the Dolbeault isomorphism takes the form
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H»¢(X, E) = H(X, E @ QP).

Applying this in particular to the vector bundle L(P), we obtain the iso-
morphisms

(6) Hra(X, L(P)) = Hi(X, L(P) ® Q7).

Suppose now that we are given a C* connection in P, i.e. a C* set of 6;
satisfying (4) or (5). Then the curvature ©® of this connection is given (cf.
[6]) by

1
(7) @ = d0,~ -l— -é" [0,’, 0,'] in U.'.

If 8; is of type (1, 0) then (7) shows that ©!'!, the component of type (1, 1)
of O is given by

(8) eut = 4",

From (4) and (8) we see that the d”’-cohomology class [@!:1] of ®!! is inde-
pendent of the choice of connection (provided this is of type (1, 0)). In fact
equation (4) asserts that [@®'!] corresponds, in the Dolbeault isomorphism
(6), to the element a(P)E HY(X, L(P) ®Q"). Thus we have

ProrosiTION 4. Let 0 be a C* connection of type (1, 0) in P, and let O'!
denote the component of type (1, 1) of the corresponding curvature, [©!!]
EHV (X, L(P)) its d'’-cohomology class. Then [©®!1] corresponds to a(P)
EHY(X, L(P)®Q") under the Dolbeault isomorphism.

From now on, in this section, we shall assume that the group G is either
semi-simple or is GL,. Let G, be a maximal compact subgroup of G, then G,
is a real Lie group. We have the following relations between G and G;.

(i) Every C= principal bundle with group G is equivalent to a bundle with
group Gi.

(if) L(G) is the complexification of L(Gy).

(iii) Let Fi: L(G1))®r - - - QrL(Gi))—R be a symmetric R-homomor-
phism invariant under ad (G,)—briefly F is called an invariant polynomial of
G (cf. [6]); then F;induces a C-homomorphism F: L(G) Q¢ - - - ®cL(G)—C,
and the relation Fi<>F sets up a (1-1) correspondence between the invariant
polynomials of G and those invariant polynomials of G whose restriction to
L(Gy) is real.

If Piis a C* principal bundle with group G, it induces a C* principal bun-
dle P with group G. A C* connection 6, in P; induces a C* connection 8 in P.
Then we have the following result, due to Singer [14] and Nakano [11]:

PROPOSITION 5. Let P be a complex analytic principal bundle with group
G, Py a C* principal bundle with group G, which induces P. Then there is a
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unique C® connection 0, in Py, such that the induced C* connection 0 in P is of
type (1, 0). Moreover the curvature of 0 is of type (1, 1).

Let 6, be a connection in P, as in Proposition 5. Let ©,, ® be the cor-
responding curvatures in P;, P, and let Fi, F be invariant polynomials of
Gy, G which correspond as in (iii) above. Then, if [w] denotes the cohomology
class defined by a closed differential form w,

[F1(©)] = [F1(©,, 8y, - - -, 0)] € H*(X, R),
[F®)] = [F(®,0,---,0)]€ H X, C),
and
[F(®)] = i*[F1(©) ], where i*: H*(X, R) — H*(X, C)

is induced by the natural embedding ¢: R—C. By a basic theorem (cf.
[6]) the characteristic cohomology ring of P (with real coefficients), de-
noted by ®(P), consists of the elements [Fy(0,)], for all invariant poly-
nomials F; of G;. We denote by @(P) the characteristic cohomology ring of
P with complex coefficients, an element & €(P) being a linear combination
a=2.; Ci*(B;), with B;& ®(P), the coefficients C; being complex numbers.
It then follows from the preceding statements that @(P) consists precisely of
the elements [F(0®)], for all invariant polynomials F of G.

If Fis any invariant polynomial of G it defines a sheaf homomorphism
L(P)QL(P)® - - - ® L(P)—0, and so we can define (by cup-product multi-
plication)

F(G(P)) = F(G(P)» d(P), te a(P)) E Hk(Xer)’
where k is the degree of F. Hence, from Propositions 4 and 5, and using the

fact that the Dolbeault isomorphism preserves multiplicative structures up
to sign (cf. [7]), we deduce:

THEOREM 3. Let X be a compact Kihler manifold, P a complex analytic prin-
cipal bundle over X with group G (semi-simple or GL,). Let

a(P) € HY(X, L(P) ® Q)

be the element defined in Theorem 2. Then, under the operation of the invariant
polynomials of G, a(P) generates the characteristic cohomology ring of P (with
complex coefficients).

The restriction on X to be compact Kihler in the theorem is needed so
that we can identify H*(X, Q*) with a subspace of H*(X, C).
Combining Theorems 2 and 3 we obtain:

THEOREM 4. Let X be a compact Kihler manifold, P a complex analytic
principal bundle over X with group G (semi-simple or GL,). If P has a complex
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analytic connection, then the characteristic cohomology ring of P (with complex
coefficients) is zero.

The problem of reversing Theorem 4, and obtaining criteria for the exist-
ence of a complex analytic connection in terms of the characteristic ring, will
be examined in §§7 and 8. We may state at once however that, unless further
restrictions are imposed, the converse of Theorem 4 is false.

4. The D-functor. If P is a principal bundle with group GL,, then there
is a (1-1) correspondence between P and E, the associated vector bundle.
From E we can construct the sheaf E and conversely. Hence a vector bundle
has two natural generalizations: (i) to a bundle with different structure group,
(ii) to an arbitrary coherent sheaf. So far we have concentrated on (i); we
now turn to (ii), and we show how to generalize the obstruction ¢(P) in this
direction.

Let X be a complex manifold, O the sheaf of germs of holomorphic func-
tions on X. Let S be a coherent sheaf of O-modules on X (cf. [12]). Then we
define a new sheaf D(S) as follows:

(i) as a sheaf of C-modules D(S)=S®SRQ!,

(ii) if a=sBBED(S)., fEO,, we define f-a=Ffs® (f3+s®df). We have
to verify that D(S). is now an O.-module. Clearly f-a is bilinear, and we have

f(ga) = fgs @ (fgB + gs @ df + fs ® dg) = (fd)c.
Since the operations of O, on D(S), are clearly continuous, it follows that
D(S) is a sheaf of O-modules. Moreover we have an exact sequence
i p
®(S):0 >SS ®Q!'— D(S) > S—0,

where i: 3—o®3, p: s®B—s are both O-homomorphisms. Since S is co-
herent, S®Q! is coherent, and hence D(S) is coherent (cf. [12]).

PROPOSITION 6. ® is a functor.

Proof. If ¢: S—S’ is an O-homomorphism we must define a homomor-
phism of exact sequences ®($): R(S)—>®B(S’). Let ¢$®1: SRQ'—S' @Q! be
the homomorphism induced by ¢, and define D(¢): D(S)—D(S’) by

D($)s®B=1¢s® ($®1:0).
Then D(¢) is an O-homomorphism, since
D($)-f(s ® B) = ¢fs ® ¢ ® 1-(f3 + s ® df)
= fos @ (f(¢ ® 1) + ¢s ® df)
= £-D(¢)-(s © B).

Then we have a homomorphism of exact sequences ®():
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0—> S ® Q' —> D(S) S——0

1$6®1 1D(¢) ¢
0—> S’ ® Q! — D(S") —> S’ — 0.

Moreover ®(¢) clearly has the necessary functorial properties.
PROPOSITION 7. ® s an exact functor.

Proof. Let 0—S’—S—S""—0 be an exact sequence. We have to show that
0—-®(S")—-®B®(S)—®B(S"”")—0 is also exact. But, as a sheaf of C-modules,
D(S)=S®S®Q!. Hence, we have a C-module isomorphism,

®(S) = &(S) © B(S"),
and therefore 0—®(S")—®(S)—>®(S”/)—0 is exact.
COROLLARY. ® is additive, i.e. B(S1D S:) =®B(S)) DR(S:).
ProrosITION 8. If S is locally free, so is D(S).

Proof. Since S is locally free, S®Q! is also locally free. Since S is locally
free the extension ®(S) is locally trivial (cf. §1), and so we have the local
O-isomorphism D(S)=S®S®Q!. Hence D(S) is locally free.

Thus, if E is a vector bundle over X, there exists a vector bundle which we
may denote by D(E), and an exact sequence of vector bundles.

®(E):0>EQ® T* > D(E) — E— 0.

The extension B(E) defines an element b(E)EH (X, Hom (E, EQ T*)). Since
Hom (E, EQ T*)=~End EQQ!, we may regard b(E) as an element of
H'(X, End EQQ!). We shall show that b(E) is essentially the same as the
element a(P) defined by the corresponding principal bundle.

PROPOSITION 9. Let E be a vector bundle over X, P the corresponding prin-
cipal bundle. Then End E==L(P).

Proof. If V is a vector space, and G=Aut (V) is the group of all automor-
phisms of V, then we have a canonical isomorphism L(G)=ZEnd (V). Now let
E be a vector bundle, P the corresponding principal bundle with group
G=GL,. Then G operates on itself by inner automorphisms, and so we obtain
a bundle G(P) associated to P. This is a bundle of groups, and for each
x, G(P), operates in a canonical manner on P, by left translation. Hence
G(P).2~Aut E,, and so L(G(P).)=End E,. But L(G(P),)=L(P),, both being
isomorphic to the vector space of right invariant vector fields on P,. Hence
L(P),~End E.. Moreover the isomorphism is canonical and preserves the
vector bundle structure. Hence L(P)=End E.

From Proposition 9 we deduce the isomorphism

HY(X, L(P) ® Q") =~ H'(X, End E Q@ Q1),
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so that a(P) and 5(E) can be regarded as elements of the same group.

THEOREM 5. Let E be a vector bundle over X, P the associated principal
bundle. Let a(P), b(E) be the obstruction elements defined by the extensions Q(P),
®(E) respectively. Then a(P)= —b(E).

Proof. Let P be defined, with respect to the covering { U}, by the co-
ordinate transformations {gi;}, with local isomorphisms

u Us X Go P Us  ur wy(x X g) = (& X gij(0)g).

Let V be the vector space on which G operates, so that E=P X gV, and let
V denote the sheaf corresponding to the trivial bundle X X V. We shall use
the same symbol u; to denote the induced sheaf homomorphisms:

u;: V,' e d E.',
u;: V; @ Qi — E; @ Q..

Then we can define a C-homomorphism of sheaves over U;,

di: E;— E; @

by dis =u.,dui's. We now define i;: E;—»D(E);, by ¥;s=s®d;s. The defini-
tion of the O-module structure of D(E) was precisely chosen so that ; should
be an O-homomorphism. This shows that {b;} is a representative cocycle
for b(E), where b;;CT'(U;N\U;, Hom (E, EQQ!)) is given by

b,'jS = CI,'S - d,'S.
Hence

u.-lbiju;~v = g,d(g;i-v) — dv
—1
) = gi;d(8:)-v
—1
= — (dg)gi; 'v.

But (dg.;)8;;' =esj, in the notation of §3. Here we are identifying the three
sheaves Hom (V, V®Q!), Hom (T, L), and L®Q! under the canonical iso-
morphisms. If we also identify Hom (E, EQQ!), Hom (T, L(P)), L(P) Q!
under the canonical isomorphisms, equations (2) and (9) show that b;; = —a;;.
Hence b(E) = —a(P) as required.

More generally, it is possible to relate the functors @(P) and B(E): B(E)
is canonically isomorphic with a subsequence of @(P)*® E. We shall not re-
quire this result but we wish to point it out because, in conjunction with
Proposition 2, it helps to explain the minus sign in Theorem 5.

The behavior of ®(E) under tensor products is given by the following
result:

ProrosiTION 10. R(EQE') =®(E) @ E'+ EQ®(E’), where each side repre-
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sents an extension of EQE'Q@T* by EQE’, and + denotes the sum of two ex-
tenstons.

This proposition is not difficult to prove by direct verification. As we do
not need it however we omit the proof. A corollary of Proposition 10, which
is also immediate from the explicit calculation of b(E) in terms of the co-
ordinate transformations, is the following:

ProrosiTION 11. (EQE')=b(E)QI' +IQb(E’), both sides being in
HY (X, End (EQE')®RQ!), and I, I' denoting the identity endomorphisms of
E, E'.

5. Chern classes. In §3 we showed how the obstruction a(P) of a principal
bundle P generated the characteristic cohomology ring of P (under suitable
restrictions). We shall now give an alternative treatment in the case of the
group GL,(C). This is based on the treatment of Chern classes given by
Hirzebruch [9]. We suppose throughout that X is a compact Kéhler manifold.

PRrROPOSITION 12. Let E be a line-bundle over X, then b(E)EHY(X, Q') s
given by b(E) = —2wic(E), where c(E) is the Chern class of E.

Proof. Let E be defined by the coordinate transformations {g;}. Then
we have shown that b(E) is represented by the cocycle —dg.;-g;' = —d log gij;
since E is a line bundle, End E is a trivial line-bundle, and so, in the notation
of §4, we do not have to distinguish between L and L(P). Now we have the
commutative diagram of sheaves on X:

2ri

0>Z—>0— 0*—>0
! ! d !
0->C—>0—Q'—0,

where Z, C denote the constant sheaves of integers and complex numbers
respectively, and O* denotes the multiplicative sheaf of germs of nonzero
holomorphic functions; the vertical homomorphism O*—Q! is (1/2mi)d log.
From this we obtain the cohomology diagram:

H{(X, 0% > HY(X, Z)
18 1B
(X, Q) 5 B(X, ©).
In this v is an injection (since X is compact Kihler), and we identify H'(X,Q')
with itsimage in H2(X, C). Theline-bundle E defines an element e € H'(X, 0O%),
and by definition a(e) =2(E), where z(E) denotes the integral Chern class of
E. Thus Ba(e) =c¢(E) is the Chern class of E with complex coefficients. On

the other hand (1/27) {d log gi,-} is a representative cocycle for d(e). Hence
b(E) = —2wid(e) = —2mic(E), by the commutativity of the square.
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Let 2, be the polynomial of degree k& which assigns to any g&GL, the kth
elementary symmetric function o, of the characteristic roots of g, and let
Sk be the corresponding invariant polynomial of GL, obtained by polarization:
thus Si(g, g, - - -, g) =Zk(g). If E is a split vector bundle, i.e. such that its
structure group can be reduced to the triangular group A, (with zeros below
the diagonal), then the diagonal terms of the coordinate transformations de-
fine r line-bundles E,, - - -, E,, and we have

(E) = ae[c(E), - - -, o(En)],

where ¢;(E) is the kth Chern class of E with complex coefficients (cf. [9]).
On the other hand, as in §3, we may form S;[6(E)]|EH*(X, Q*), which we
regard as a cohomology class in H*(X, C). Since g;; may now be taken tri-
angular, dg,;-gi;* will also be triangular, and hence we obtain the formula

Se[o(B)] = axlc(Ey), - - -, o(E)].
Combining this with Proposition 12 we obtain:

PROPOSITION 13. Let E be a split vector bundle, then Si[b(E) | = (— 2mi)*cx(E)
gives the kth Chern class of E in terms of b(E).

~If E is a general vector bundle over X we can consider the associated
bundle Y with fibre the flag manifold GL,/A,. Then Y is also a compact
Kihler manifold (cf. [4]). If p: ¥—X is the bundle projection we can con-
sider the induced bundle E=p—1(E) over ¥; E is then split (cf. [9]). Now, by
the functorial properties of #(E) (which we stated for a(P), and so hold for
b(E) by Theorem 5), we have

b(E) = p*b(E).

On the other hand we have ¢;(E)=p*a(E), and finally p*: Ho(X, C)
—H4(Y, C) is injective (cf. [9]). From all this, together with Proposition 13
we obtain(*):

THEOREM 6. Let E be a vector bundle on a compact Kihler manifold. Then
the kth Chern class of E is given by

a(E) = (—2mi)~*S[6(E)].

6. Line-bundles. Let V be a complex vector space, = the corresponding
projective space, m: V— {0}—>E the canonical projection. C* operates by
right multiplication on V—{0}:

A:v— ), vEV -0, \EC

Hence P=V—{0} is a principal bundle over = with group C*. Let E be the

(%) Using a result of Borel-Hirzebruch we can deduce Theorem 3 from Theorem 6 by con-
sidering all complex analytic representations of G in GL.(C).
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associated line-bundle, then E=[—H] or E*=[H], where [H] denotes the
line-bundle corresponding to a hyperplane (cf. [9]). We propose to investigate
the functor @(P) in this case.

Let ® be the tangent bundle of P; by translating the tangent vector b at
p to by at 0, and then identifying the tangent space to V at 0 with V itself,
we obtain an isomorphism @=P X V. C* operates on ®, and the corresponding
operation on P X V is given by:

(p X )N = (pA X oN), pPEPvEV,NECH

Hence Q=®/C*~PXV/C*=P XV, where P X¢*V is the bundle with fibre
V associated to P by the representation p:

p(N)y = N 1p, vE V,\NE Cx

Thus Q=~E*® V, where V denotes the trivial bundle ZX V, and the iso-
morphism is a vector bundle isomorphism over Z.

Since C* is abelian L(P) is a trivial line bundle, denoted by 1. Hence,
using the isomorphism Q=~E*® V, @(P) gives the exact sequence:

(10) 0-1->FE*®@V—->T—0.
Take the tensor product of (10) with E, and we get the exact sequence:
(11) 0—-E—-V->TQE—O

Since 1=L(P) was the sub-bundle of Q consisting of invariant vector fields
tangential to the fibres of P, it follows that the homomorphism E—V of
(11) is precisely the natural embedding of E in ZX V:

(p, ) — =(p) X pe, (p, ) © P X ¢*C = E.

Suppose now that X is a nonsingular algebraic variety of dimension r
embedded in the projective space Z of dimension %n. Let G(r41, n+1) denote
the Grassmannian of (r+1)-dimensional vector sub-spaces of V, or equiva-
lently the Grassmannian of r-dimensional projective sub-spaces of Z. Let 2,
be the tangent r-dimensional projective space of X at x. Then x—Z. defines
a mapping X—G(r+1, n+1), which induces an (r+1)-dimensional vector
bundle W over X. We call W the tangent bundle of the embedding of X in Z.
From the definition it follows that W is a sub-bundle of the trivial bundle
X X V. Now from §2, G(Px) is that part of the sequence @(P)x which lies
above T(X). Hence from (10) we see that @(Px) is isomorphic to the exact
sequence:

(12) 0—1x— Ex ® W — T(X) — 0.
With a slight change of notation we state this as:

THEOREM 7. Let X be a nonsingular algebraic variety embedded in projective
space, E the line-bundle over X corresponding to minus a hyperplane section, W
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the tangent bundle of the embedding and T the tangent bundle of X. Further let
P be the principal bundle corresponding to E; then we have the exact sequence of
vector bundles over X (5):

AP)Q®E:0-E->W-—->TQ®E—NO.

The tangent bundle W of the embedding of X in projective space was that
originally used by Todd [15] to define the characteristic classes of X, and his
formula is contained in the following corollary of Theorem 7 (cf. Nakano

[10]).

COROLLARY. Let X, E, W, T be as in Theorem 7, then the Chern classes
cx(T) of X are given by

a(T) = a(W ® E¥).

Proof. From the differentiable point of view every extension is trivial;
hence, regarded as differentiable bundles, we have the isomorphism W® E*
~T®1. Applying the Whitney sum formula for Chern classes (cf. [9]) the
required result follows immediately.

In particular we may remark that (10) gives the formula for the Chern
classes of a projective space at once!

- We observe finally that the extensions (10), (11), (12) are never trivial
(if dim X >0). The extension (10) corresponds to a(P)EH(Z, Q!), and we
have shown that ¢(P) = —b(E) =2wic(E)#0. The same holds if we replace
2 by X, showing that (12) is nontrivial(®). This confirms the uniqueness of
direct decomposition for vector bundles in this special case (cf. [1] for the
general theorem).

7. Representations of the fundamental group. We assume from now on
that X is connected. Let p: m(X)—G be a representation of the fundamental
group of X into the connected complex Lie group G. The universal covering
space X of X is a principal bundle over X with group m(X), and the repre-
sentation p induces therefore a principal bundle P over X with group G. We
have P=XX.,G, where m; operates on the left on G:

a-g = p(a)g, aEm,gEG.

There are various alternative ways of looking at those principal bundles
which arise from a representation of the fundamental group, and we now
discuss these.

Let P be a principal bundle over X with group G. Then P, the sheaf of
germs of cross-sections of P, is a sheaf of sets, and G operates on P: P XG—P.
Hence we may form the quotient sheaf P/G. If U is an open set on X, and
s&TI'(U, P), we have a local isomorphism UXG—P | U given by

(%) This exact sequence is due to Serre (unpublished) and Nakano [10].
(¢) Cf. Nakano [10].
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x X g—s(x)g.

Hence s defines a splitting of the exact sequence @(Py). Moreover sg, where
g &G, defines the same splitting. Hence a global section of P/G defines a split-
ing of @(P).

DEFINITION. An integrable connection in the principal bundle P is one
which arises from a global section of P/G.

Just as in the real differentiable case, we can introduce the curvature ®
of a complex analytic connection, and ® =0 will be the necessary and suffi-
cient condition for the connection to be integrable (cf. [6]). In particular,
since © is a holomorphic differential form of degree two with coefficients in
L(P), © vanishes identically if X is of complex dimension one. Hence on an
algebraic curve (without singularities) every connection is integrable.

If G is a complex Lie group we denote by G* the corresponding abstract
group with the discrete topology.

DEFINITION. P! is a discrete form of the principal bundle P over X if

(i) P*is a topological principal bundle over X with the discrete group Gt
as structure group,

(ii) there is a continuous bijective bundle map J: P*—P.

Condition (i) means that, locally, Pf has the topology of X X G#. Condition
(i) asserts that P* is obtained from P by imposing a new topology.

PROPOSITION 14. Let P be a principal bundle over X with group G. Then the
following properties are equivalent to one another:

(a) P arises from a representation of the fundamental group,

(b) P can be expressed in terms of constant coordinate transformations,

(c) P has an integrable connection,
(d) P has a discrete form P*.

Proof. We shall prove the implications:
(a) = (b) = (¢) = (d) — (a).

Since 7 (X) is a discrete group, X the universal covering of X, has constant
coordinate transformations. Hence the same is true for a bundle induced by
a representation. Next, if P satisfies (b), the locally constant cross-sections
of P are well-defined, and give a global section of P/G, so that P has an
integrable connection. Suppose now that P satisfies (c), so that we are given
a section sEI'(X, P/G). Let ¢: P—P/G be the canonical projection, and let
PtC P be the subspace defined by P¥=¢-15(X). P is a topological space, oper -
ated on by G, with a projection P—X, and a continuous map P—P (assigning
to each germ p, of P its value at x). Hence P! has a topology, a projection
PF{>X, and a continuous map J: P#—P; moreover it is closed under the
operation of G. P# is a discrete form of P, and so P satisfies (d). Finally let
P* be a discrete form of P. Since Gf is discrete, each connected component of
P# is a covering space of X, and so there exists a homomorphism pf: m(X)—G#
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inducing P#. Let p: m(X)—G be the homomorphism corresponding to pf, then
P arises from the representation p. This completes the proof of the proposi-
tion.

Applying Proposition 14, Theorem 2, and the fact that we have no
integrability condition for a curve, we obtain:

THEOREM 8. Let P be a principal bundle over an algebraic curve X. Then P
arises from a representation of the fundamental group if and only if a(P)=0,
where a(P) S HY (X, L(P) @Q") is the invariant defined in Theorem 2.

Let L*(P) be the vector bundle dual to L(P), and let X be an algebraic
curve. Then, by Serre’s duality theorem [13], H'(X, L(P)®Q!) is dual to
H'(X, L*(P)), i.e. to TL*(P). Thus a(P) may be regarded as an element of
(I'L*(P))*, the vector space dual to I'L*(P). If G is semi-simple, or is GL,,
then L*(G) is canonically isomorphic to L(G) (by the Killing form), and so
L*(P) is canonically isomorphic with L(P). In particular, in the case of
GL,, L(P), and so L*(P), is canonically isomorphic with End E, where E is
the vector bundle associated to P (Proposition 9). Hence, using Theorem 5,
we can restate Theorem 8 in this case as follows:

THEOREM 9. Let E be a vector bundle over an algebraic curve X. Then E
defines an element b(E) E(I' End E)*, and E arises from a representation of the
Sfundamental group if and only if b(E) =0.

Theorem 9 suggests that we should study the endomorphisms of a vector
bundle, and here we have the following result:

PRroPOSITION 15. Let E be an indecomposable vector bundle over a connected
compact complex manifold. Then every endomorphism of E is either nilpotent or
s an automorphism.

This is a special case of a more general result for coherent sheaves, for
the proof of which we refer to [1]; we recall only that E is indecomposable
if it has no nontrivial direct decomposition: E = E;® E,. Proposition 15 can
be given a slightly different form as follows. Let A be a finite dimensional
algebra over C with the following properties:

(i) A has a unit element I,

(ii) the nilpotent elements in 4 form a subalgebra N,

(iii) as a vector space 4 = {I} @ N, where {I} is the subspace of dimen-
sion one generated by I.

For brevity we shall say that A4 is a spectal algebra. Then we have:

PROPOSITION 16. Let E be a vector bundle over a connected compact complex
manifold X. Then E is indecomposable if and only if T' End E is a special alge-
bra.

Proof. Let E be indecomposable, and let ¢ &I’ End E. For each xEX
¢.€ End E,, and the characteristic equation of ¢, has coefficients which are
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holomorphic functions of x. Since X is compact and connected these coeffi-
cients are constant, and so the characteristic roots are constants. If ¢ had two
distinct characteristic roots N, u, then ¢ —NI EI' End E would be neither an
automorphism nor nilpotent, contradiclting Proposition 15. Hence all the
characteristic roots of ¢ are equal, and so the nilpotent endomorphisms of E
are precisely those of trace zero. This proves that I' End E is a special algebra.
Conversely, let I' End E be a special algebra 4, and suppose if possible that
E=E,®E,is a nontrivial direct decomposition of E. Let Iy, I, be the identity
endomorphisms of Ei, E,: then M1 @\, is nilpotent if and only if Ay =X, =0.
Thus I, I, generate a subspace of 4 (mod N) of dimension two, contradicting
condition (iii) for a special algebra. Hence E must be indecomposable.

If E is any vector bundle over a compact complex manifold, and if
E=E,®FE,® --- ®E,is a Remak decomposition of E, i.e. a decomposition
in which all the E; are indecomposable and nonzero, then the factors E; are
unique to within isomorphism ([1, Theorem 3]). Also, since &(E) and so
b(E) is additive (Corollary to Proposition 7), we have b(E) =b(E;) @b(Es)
@ - - - ®b(E,); thisis also clear from the coordinate transformations. Hence,
from Theorem 9, we obtain:

PrOPOSITION 17. Let E be a vector bundle over an algebraic curve, and let
E=E®E:;® - - - ®E, be a Remak decomposition of E. Then E arises from a
representation of the fundamental group if and only if all the E; arise from the
Sfundamental group.

In view of Proposition 17 we may restrict attention to indecomposable
vector bundles. For these we have Proposition 16, and we shall now evaluate
the scalar product (b(E), ¢) in the two cases (i) when ¢ is the identity, (ii)
when ¢ is nilpotent.

PRroPosITION 18. Let E be a vector bundle over a curve X. Let I be the identity
endomorphism of E, and ¢ a nilpotent endomorphism of E. Then

(1) (b(E), I)= —2mi deg E,

(ii) (p(E), ¢)=0,
where deg E denotes the degree of c1(E).

Proof. First we remark that, for any ¢y &I"' End E,
(b(E), ¥)u = trace (Yb(E)),

where u € H'(X,Q!) is the canonical generator, and Y(b)) EEH'(X, End EQQ?)
is obtained by endomorphism multiplication. Hence, since deg E-u=ci(E),
(i) follows immediately from Theorem 6. It remains to prove (ii). Consider
the sequence E, ¢(E), ¢*(E), - - - . Since ¢ is nilpotent this sequence termi-
nates, i.e. "(E) =0 for some 7. In general ¢*(E) will not be a sub-bundle of E,
since ¢*(E,) need not be of constant dimension. However, since X is a curve,
¢*(E) generates a sub-bundle E; of E such that ¢*(E,) = (Ex). for all except
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a finite number of points x (cf. [2]). Thus we have a sequence of sub-bundles
of E:

(13) E=E DE DEy - - DEi1DE, =0

with the property that ¢(Ey) CEg41, or equivalently the induced homomor-
phism ¢: Ey/Exy1—Eg/Ey is zero. Since ® is an exact functor, or alter-
natively from the coordinate transformations, we see that b(E)EHY X,
End EQQ!) is in the image of H'(X, End’ EQQ?!), where End’ E is the sub-
sheaf of End E which preserves the sequence (13). Hence

trace (¢pb(E)) = Zj trace (¢pd(Ex/Ery1)) = 0,

since ¢, =0. Thus (b(E), ¢)=0 as required.
Combining Theorem 9 with Propositions 16 and 18 we obtain:

PRrOPOSITION 19. Let E be an indecomposable vector bundle over an algebraic
curve. Then E arises from a representation of the fundamental group if and only
if deg E=0.

Finally, from Propositions 17 and 19 we obtain Weil’s Theorem (cf. [17]).

THEOREM 10. Let E be a vector bundle over an algebraic curve, and let
E=E,®E,® - - - ®E, be a Remak decomposition of E. Then E arises from a
representation of the fundamental group if and only if deg E;=0,7=1,2, - - -, q.

8. Higher dimensional varieties. In this section we shall discuss problems
concerning connections, when the base space is of dimension greater than
one.

Let X be a nonsingular algebraic variety embedded in the projective
space Z. We denote by X, the intersection of X with a general hypersurface
of degree n in Z. If E is a vector bundle on X, we write E, for Ex,, the restric-
tion of E to X,. Further we denote by J the line-bundle on X corresponding
to a hyperplane section, so that(?’) J=[X,], J=[X,]. If Sis any coherent
sheaf of O-modules on X we use the notation of [12] and put

S(n) = S ® oJn.
If E is any vector bundle on X, then we have an exact sequence of sheaves
(cf. [12]),
(14) 0—>E(—n) —>E—E,—0.
Finally we recall that, if » is sufficiently large, H4(X, E(n)) =0 for ¢=1, and
He(X, E(—n)) =0 for ¢<dim X. The first of these two is proved in [5], and
the second follows from the first by Serre’s duality theorem [13]. Using (14),

and the vanishing of these cohomology groups, one can reduce the dimension
of the base space. We use this method for the next two propositions.

(") As usual [D] denotes the line-bundle corresponding to the divisor D.
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ProrosiTION 20. Let X be an algebraic variety of dimension greater than one,
and let E be an indecomposable vector bundle over X. Then, for sufficiently large
n, E, 1s indecomposable.

Proof. Apply (14) to the vector bundle End E. Since (End E,)=End E,,
we get the exact sequence of sheaves

0— (End E)(—n) > End E— End E, — 0.

Since dim X =2, we have
HY(X, (End E)(—n)) = H(X, (End E)(—n)) = 0,
for sufficiently large n. Hence, for this #, the cohomology sequence gives:
H(X, End E) & H(X,, End E.),
i.e.
I' End E=T End E..

Applying Proposition 16 the required result follows at once.

PROPOSITION 21. Let X be an algebraic variety of dimension greater than two,
and let P be a principal bundle over X. Then P has a connection if and only if
P, the restriction of P to X ., has a connection for sufficiently large n.

Proof. Let T =T(X) denote the tangent bundle of X. Apply (14) to the
vector bundle L(P) ® T* where, as in §2, L(P) is the vector bundle associated
to P by the adjoint representation. Since dim X = 3, we have, for large 7,

H«(X,L(P) ® T*(—n)) =0 forqg =1, 2.
Hence, from the cohomology sequence of (14), we obtain
(15) H'(X, L(P) ® T*) = H'(Xa, L(P), ® T).

If T(X.,) denotes the tangent bundle of X,, we have the exact sequence of
vector bundles on X ,:

(16) 0 — T(X,) = T(X)n— Jn—0,

and the dual exact sequence:

(17 0— Jn — T*(X)n— T*(Xa) — 0.

This is essentially what is known as the “adjunction formula” (cf. [16]);
Jr=[X.]. is the characteristic line-bundle of X, in X. Operate on (17) by
L(P),®, and take the corresponding exact sequence of sheaves:

(18) 0 — L(P)(—n)n — L(P)s ® T*(X)n — L(P)s @ T*(X.) —0.
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Now apply (14) to the vector bundle L(P)® J~", and we get the exact se-
quence of sheaves:

(19) 0 — L(P)(—2n) — L(P)(—n) — L(P)(—n), — 0.
Since dim X =3, we have
H2(X’ L(P)(_Zn)) = Hl(Xy L(P)(_n)) =0,

for sufficiently large n. Hence, for this #, from the cohomology sequence of
(19):

HYX, L(P)(—n).) = 0.
From the cohomology sequence of (18) this shows that, for sufficiently large #,
H'(Xs, L(P)s @ T*(X)s) = H'(X», L(P)s ® T*(X.))
is injective. Together with (15) this shows that the homomorphism
i H\(X, L(P) ® T*(X)) = H\(X», L(P)» ® T*(X.)),

induced by the inclusion ¢,: X,—X, is injective for sufficiently large #n. But,
from the functorial properties of a(P) given in §2, we have a(P,) =4t a(P).
Hence, if » is sufficiently large, a(P) =0 if and only if a(P,) =0. Hence, from
Theorem 2, P has a connection if and only if P, has a connection.

We shall now construct an example which shows that Proposition 21 does
not hold if dim X =2. Our example will also show that the obvious generaliza-
tion of Weil’s Theorem (Theorem 10) does not hold if dim X =2.

Let Y be arational curve, Z an elliptic curve, and let X = Y X Z. We choose
base points yoE Y, 20&Z, and we identify ¥V with Y Xz, Z with y;XZ. Con-
sider the exact sequence of sheaves on X:

0—[Z]—> [22] - 0z —0.

This arises in the same way as (14), except that X, is replaced here by the
curve Z; the restriction of [Z] to Z is the trivial line-bundle, and so the cor-
responding sheaf is Oz. The exact cohomology sequence gives

— HY(X, [22]) - H(Z, 0z) — H(X, [2]) —.

By Serre’s duality theorem H2(X, [Z]) is dual to H*(X, [K—Z]) where K is
a canonical divisor on X. But K= —2Z, and H°(X, [—3Z])=0. Hence
H\(X, [2Z])—>H!(Z, Oy) is surjective, so there is an element { € H!(X, [2Z])
mapping onto a nonzero element n in H'(Z, Oz) (this being of dimen-
sion one since Z is elliptic). Now the elements of H'(X, [2Z]) are in one-to-
one correspondence with the classes of extensions of [—Z] by [Z] (Proposi-
tion 2). Hence there is a 2-dimensional vector bundle E over X such that the
exact sequence
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(20) 0—[Z] > E—[-Z] -0,

corresponds to the element £. We give the properties of E in the following
proposition:

PRroOPOSITION 22. Let E be the vector bundle defined above over the algebraic
surface X, and let P denote the corresponding principal bundle. Then

(i) the Chern classes of E are all zero,

(ii) E is indecomposable,

(ii1) P does not have a connection.

Proof. (i) If g is the cohomology class of the divisor Z on X, (20) shows
that the Chern polynomial (cf. [9]) of Eis (1+g)(1—g)=1—g2=1. In other
words the Chern classes (of positive dimension) of E are all zero. (ii) Restrict-
ing (20) to Z we get the exact sequence:

(21) 01,5 E;—1;—0.

By construction n&E H!(Z, Oz) is nonzero, and hence (21) is a nontrivial ex-
tension. Hence E; is indecomposable (cf. [2]) and so E is indecomposable.
(iii) Restricting (20) to ¥ we get the exact sequence:

(22) 0— [D] - Ey - [-D] >0,

where D is a point divisor on Y. Since Y is a rational curve H'(Y, [2D]) =0,
this being dual H(Y, [—4D]). Hence the extension (22) is trivial, and
Ey=~[D]®[—D]. Since deg [D]=150, b([D])#0, and so b(Ey)#0. But
b(Ey) is the image of b(E) in the homomorphism

HY(X, End E ® T*(X)) — H'(Y, End Ey ® T*(Y)).

Hence b(E) 0, and so by Theorems 2 and 5, P does not have a connection.

Proposition 22 shows immediately that Theorem 10 does not generalize
to varieties of higher dimension. Also, continuing with the example, if X,
is the intersection of X with a general hypersurface of degree n, Proposition
20 and Proposition 22 (ii) tell us that E, is indecomposable for sufficiently
large n. By Proposition 22 (i) the first Chern class of E, is zero, i.e. deg E, =0.
Hence by Theorem 10, P, has a connection. But by Proposition 22 (iii) P
does not have a connection. Thus Proposition 21 is false if dim X =2.

My thanks are due to J.-P. Serre, S. Nakano and I. M. Singer for many
valuable discussions.
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